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We study problems on one-parameter subgroups of infinite-dimensional groups 
with regular left multiplication. This class of groups contains the generalizations of 
Lie groups to the infinite-dimensional case, but it also contains groups which are 
quite different from Lie groups, for instance, large groups of homeomorphisms of 
manifolds. We show that the structure of one-parameter subgroups has both 
similarities to and differences from that of Lie groups. c I992 Acadermc Press, Inc. 
In the study of (local) Lie groups, the (local) one-parameter subgroups 
play an important role. In a local Lie group the following hold: 
(A) In every direction from the unity e there is a unique local one- 
parameter subgroup. 
(B) Every element near e lies on a unique local one-parameter 
subgroup. 
(C) Every local one-parameter subgroup is differentiable. 
These results are also true for the generalizations of (local) Lie groups 
to infinite-dimensional groups, so-called analytical (local) groups (see 
Birkhoff [ 1 ] ). 
In infinite dimension, however, there are natural groups which are 
not analytical groups. Such groups are for instance large groups of 
homeomorphisms of manifolds. These groups have, as we shall see, a very 
regular left multiplication x --) xy, but in many cases it is not possible to 
locally model them on a Banach space such that (x, y) -+ xy becomes 
Frechet differentiable. 
In this paper we will study questions about (local) one-parameter 
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subgroups in these (local) groups. We will, in particular, consider the 
following questions: 
(A’) In every direction from the unity e, is there a unique local 
one-parameter subgroup? 
(B’) Does every element near e lie on a unique local one-parameter 
subgroup? 
(C’) Is a local one-parameter subgroup necessarily differentiable? 
The paper is organized as follows: In Section 1 we give the definitions 
and some general results including a partial positive answer to problem A’. 
In Section 2 we study problems AI-C’ for a large groups of 
homeomorphisms. The results are that problem A’ has a partial positive 
answer while problems B’ and C’ have negative answers. We give some 
results about the structure of one-parameter subgroups in this class of 
groups, in particular that there is a dense set of elements that do not lie on 
any local one-parameter subgroup. In Section 3 we study another inlinite- 
dimensional group with left regular group multiplication and give answers 
to problems A’-C’ for this group. 
We remark, finally, that infinite-dimensional groups of differentiable 
transformations of 4-space have been applied in general relativity [2]. 
1. DEFINITIONS AND SOME GENERAL RESULTS 
1.1. Definitions. Let f be a map from a Banach space B to a Banach 
space C. If there is a continuous linear operator U: B + C such that 
IIf -f(xcJ - 4x - %)ll = om - &II 1 (1) 
as x + x0, then we say that u is the Frtchet derivative off at x0. 
We say that f is continuously Frechet differentiable, if u depends 
continuously on x0 in the norm topology for U. 
We make the following definitions, which are given in Enflo [3]. 
A local group is called a left differentiable local group if it satisfies condi- 
tions (1) and (2a) below. It is called a local L-group (left linear group) if 
it satisfies the conditions (1) and (2b) below. It is called an analytical local 
group if it satisfies the conditions (1) and (2~) below. 
(1) A neighborhood of the unity e is a neighborhood of zero in a 
Banach space and whose zero is that unity. 
(2a) x + x .y is continuously Frechet differentiable if x and y are 
sufficiently near zero. 
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(2b) The group multiplication satisfies x ‘y = y + T, x, where T,. is a 
linear transformation depending on y, if x and y are sufficiently near zero. 
(2~) (x, y) + x. r is continuously Frechet differentiable if x and y are 
sufficiently near zero. 
An L-group is a group in which a neighborhood of the unity e is a local 
L-group. 
Remark 1. Obviously, an L-group is a left differentiable local group. It 
is known that a left differentiable local group is an analytical local group 
if and only if (x, y) -+ x .y is uniformly continuous in some neighborhood 
of zero (see Enflo [3]). In [3] there are given two classes of L-groups that 
are not analytical local groups. The following are two examples of 
L-groups, one from each of these classes: 
EXAMPLE 1. Let 5? be the set of continuously differentiable real-valued 
functions on [0, 1 ] with f(0) = 0, f( 1) = 1, S’(x) > 0. As group operation 
we take (f, g) +fog and as metric we take d(f, g) =max If’-g’l. In this 
way 59 becomes a topological group. Let i be the identity function. By 
the mapping f-f- i, a is mapped isometrically onto a neighbourhood 
of the zero element in the Banach space that consists of the continuously 
differentiable functions h on [0, l] with h(0) = h( 1) = 0 and with the 
norm lIh/l = max lh’l. The image of g under this mapping is an L-group, 
which we call S&, since 
h,.h,=(h,+i)o(h,+i)-i=h,~(h,+i)+h,=h,+T,,h,, (2) 
where Th2 is linear. 
This a left differentiable (local) group, but the group multiplication is 
not uniformly continuous in any neighborhood of the unity as a function 
.L?i?(J x !2iq + iA?() (see [3]), so it is not an analytical (local) group (see 
Remark 1). 
EXAMPLE 2. We let (x, y) stand for an element in R,, where x E R,, 
y E R,. We define a group multiplication in R3 as 
(x,~Yl)~(x2~Y2)=(~,+x,,Y2+ V,,Y,h (3) 
where 
27tx 27tx 
cos-, sm- 
P P 
2nx 271x 
- sin-, cos- 
P P 
(4) 
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is a periodic one-parameter group of unitary linear transformations of R, 
and p is a given positive number; p is then the least positive number x such 
that V, = I. In this way R3 becomes an L-group, which we call 9&(p). 
We now take the Hilbert sum Z of a sequence of such groups with 
periods pi + 0 as i + co. The sum is a Hilbert space with the norm 
llzll = CC llzil12)1’2~ where I(zjl( is the Euclidean norm in R,. 2 is also an 
L-group. 
A (local) one-parameter subgroup of a (local) group 3 is a curve, i.e., a 
non-constant continuous mapping, x (from some interval (-s, s)) from 
(- co, co) to 3 that satisfies x(s). x(t) = x(s + 1) for all s and t. From the 
definition, it is easy to see that x(O)=e. 
1.2. Some General Results. 
PROPOSITION 1.2.1. Let x be a (local) one-parameter subgroup in an 
L-group 9. Assume that x’(O) = z exists in Q (we then say that x has the 
direction z at 0). Then x satisfies the differential equation with initial 
condition 
x’(t) = T.x(,p 
x(0) = e 
(5) 
when t is sufficiently near zero. 
Proof In an L-group 9, we have e = 0, so x(0) = 0, and when t is suf- 
ficiently near zero, we have 
x’(t) = lim x(t + s) - x(t) = Iirn 4s) .x(t) - x(t) 
S+O S S-r0 S 
= lim x(t) + Txctpb) -x(t)= T 
40 
lim x(s) 
s-0 S s-0 s 
This proves Proposition 1.2.1. 1 
We now consider the inverse problem: If a non-constant continuous 
mapping x (from ( - E, E)) from ( - cc, co ) to an L-group 9 satisfies Eq. (5) 
when t is sufliciently near zero, is then x a (local) one-parameter subgroup? 
We do not know the answer to this question in general. However, if 
Eq. (5) has a unique solution in 9, when t is sufficiently near 0, the answer 
is affirmative. We have: 
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PROPOSITION 1.2.2. For every element 2 of an L-group 3, if Eq. (5) has 
exactly one solution x defined on ( --E, e).fbr some positive number E, then Y 
is a local one-parameter subgroup, and it can he extended uniquely to a 
(global) one-parameter subgroup x defined on ( - CD, CD ). 
Proof Assume that x is the only solution of Eq. (5) defined on ( -c, c) 
for a suitable E. We show that x(s + t) = x(s). x(t) holds for any s and t 
near 0. 
Fix t near zero and consider the mapping s + x(s + t). Then it is easy to 
see that s + x(s + t) is non-constant and continuous and satisfies 
-$+I)= Tx(,+,)Z, 
when s is suffkiently near zero, and x(s + t) = x(t) for s = 0. 
On the other hand, the mapping s + x(s). x( t) is also non-constant and 
continuous in 93 and satisfies 
when s is sufticiently near zero, and x(s) . x(t) = x(t) for s = 0. 
Thus both s + x(s + t) and s + x(s). x(t) are solutions of the equation 
Y’(S) = Tr(,)Z 
Y(O) = -4th 
(6) 
when s is suffkiently near zero. But it is easy to see that Eq. (6) has one 
and only one solution, when s is sufficiently near zero, since by assumption, 
Eq. (5) has one and only one solution, when t is sufficiently near zero. So 
we have shown that x(s + t) = x(s) . x(t), when s and f are sufficiently near 
zero. Thus x is a local one-parameter subgroup in 9. 
Although the proof that the local x extends in a unique way to a global 
one-parameter subgroup is standard, we give the details for completeness. 
We extend this local x(t) to all t E (-co, co) in the following way: 
For all t E (-co, co), if n is a sufficiently large natural number, then, 
with nt, = t, x(t,) is defined. We now show that 
is independent of n and t, , and hence this defines x(t) in a unique way. 
SUBGROUPS IN TOPOLOGICAL GROUPS 487 
Put t = nt, = mtz and assume n > m. Then we have 
and 
This shows that x(t) = x(tl)” is independent of n and t, . 
Now we show that x is a one-parameter subgroup in 9. That is, we show 
that x(s) .x(t) = x(s + t), for all s, t. 
Choose n so large that s/n, t/n, (S-I- t)/n are sufficiently near zero. Then 
we have 
and 
Thus we have shown that x is a one-parameter subgroup in 9’. 
Suppose that y is another one-parameter subgroup in 3 such that y(t) 
satisfies Eq. (5) when t is sufficiently near zero. Then y(t) =x(t), when t is 
sufficiently near zero, by the assumption that Eq. (5) has a unique solution 
when t is sufficiently near zero. 
Now for all t E (- co, co), there exists n such that t/n is sufficiently near 
zero. Then we have 
So x(t) = y(t) holds for all t E ( - co, co). This shows that the extension is 
unique and so Proposition 1.2.2 is’ proved. 1 
It is well known that Eq. (5) has a unique solution in an L-group 9, 
when t is suffrcintly near zero, if the mapping y + Tyz satisfies the Lipschitz 
condition 
when y, and y, are sufficiently near zero. Thus Proposition 1.2.2 gives the 
following: 
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COROLLARY 1.2.3. For all z E 3. where 9 is an L-group, if‘ the mapping 
y -+ T,.z satisfies the Lipschitz condition 
llT,.,z- T,.:zII <k I/Y, -yz// 
when y1 and y2 are sujficiently near zero, then there is a unique one- 
parameter subgroup in 9 with the direction z at 0. 
2. THE GROUP g OF HOMEOMORPHISMS OF [0, l] AND 
THE CORRESPONDING L-GROUP &?” 
In this section, we study problems A’C’ for the L-group %$, Example 1 
of Section 1. 
2.1. We have a partial positive answer for problem A’ in 9&, as follows: 
THEOREM 2.1.1. For all z E 9&,, tf z’ satisfies a Lipschitz condition of the 
form 
Iz’(u,) - z’(e)1 6 k Iu, - ~21 
for all u,, u2 E [0, 11, where k is a constant that does not depend on ul, u2, 
then there is a unique one-parameter subgroup in L-group B0 that has the 
direction z at 0. 
Proof By using Corollary 1.2.3, we need only show that there exists a 
number k, such that 
IITy,z- Tyzzll Gk, 11.~1 -YzII 
for all y, and y, which are sufficiently near 0. 
Suppose lly,Jl =max lu’,l < 1, )Iy,I) =max Iv;1 < 1. Then 
II~~~,~-~,,,~ll=Il~~~~,+~~--~~~~+~~ll 
=max I(y;+l)(z’o(y,+i))-(y;+l)(z’~(y~+i))l 
=max IM -YW~(Y, + 4) 
+(y;+l)(z’o(y,+i)-z’o(y,+i))l 
< llzll IIYI--Y2ll +(lly,II + f)max Iz’n(y,+i)-z’o(y,+i)l 
d II4 IIY, -A + 2k max IY, -A 
G llzll IIY, -.v,li +2kmax 1.14 -Al 
= (11~11 + 2k) IIY, -Y,ll. 
Put k, = 2k + [lzl/. This completes the proof of Theorem 2.1.1. 1 
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From this result, we see that there is a unique one-parameter subgroup 
in the direction z at 0 for a dense set of z’s in the L-group 6?.&,. We have 
not been able to answer question A’, whether there is a unique one- 
parameter subgroup in every direction in the L-group %$,. But we have the 
following: 
THEOREM 2.1.2. For every element z in the L-group 6$, there is at most 
one one-parameter subgroup in direction z at 0. 
Proof. Suppose that x1 and x2 are both one-parameter subgroups in 
direction z at 0 in the L-group 9&,. Then by Proposition 1.2.1, we know 
that both x, (t) and x2(t) are solutions of (5) when t is sufficiently near 
zero. 
For every t, each x,(t) (i = 1,2) is an element of aO. For convenience, we 
write x,(t)=x,(t, U) for i= 1,2, where -co < t-cm and Odu< 1. 
By the fact that each x,(t) (i = 1,2) satisfies (5) when t is sufficiently near 
zero, in the L-group G&, with norm ljhll = max Ih’(u)l, it is easy to see that 
for every fixed u E [IO, 11, each xi( t, U) (i = 1,2) satisfies the differential 
equation with initial condition 
~X(t,to=z(x(t,U)+U) 
(7) 
x(0, u) = 0 
when t is sufficiently near zero. 
Since we have the Lipschitz estimate 
it follows from the standard elementary uniqueness result that 
x1 (t, U) = x,(t, U) when t is sufficiently near zero. 
Since x, and x1 are both one-parameter subgroups, it is easy to check 
that x1 (t, U) = x,(t, U) holds for every - cc < t < co. 
Thus we have shown that there is at most one one-parameter subgroup 
in directon z at 0 in ~53~. 1 
2.2. We consider problem B’ in L-group @,: Does every element near 
e in a0 lie on a unique one-parameter subgroup? We have a strong 
negative answer to this question. In fact, we have the following: 
THEOREM 2.2.1 The set of elements in B0 that are not on any one- 
parameter subgroup in 9&, is a dense subset of go. 
Remark. Every element h in the L-group 3?,, can be written h =f- i, 
where f E 98, the set of continuously differentiable real-valued functions on 
[0, 11, with f(O)=O, f(l)= 1, f'(x)>O. In the following discussions we 
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often need to work directly in the group .9 because it is more convenient. 
Obviously, t + h, (=,f; - i) is a one-parameter subgroup in ti,, if and only 
if t +,f, is a one-parameter subgroup in 9. 
Our plan to prove Theorem 2.2.1 is as follows: We prove first three lem- 
mas (Lemma 2.2.2-Lemma 2.2.4). In Lemma 2.2.2 we observe that the set 
of those elements h in @,, h =,f- i, such that fis linear near the end points 
0 and 1 is a dense subset of BO. Lemma 2.2.3 states that such f’s have 
to satisfy a very particular condition in order to be on a one-parameter 
subgroup. In Lemma 2.2.4 we show that there is a dense set of suchf’s that 
do not satisfy the condition in Lemma 2.2.3. 
We now consider the functions in g which are linear near the two end 
points 0, 1 of [0, 11. Given CI> 1, p< 1, and O<x,<x,<l, we define 
M(cr, /?, x,, x2) to be the subset of 59 that consists of all functions f in 99 
such that f(x) = c(x on [0, xi], andf(x) = fix + 1 -B on [x,, 11. 
For every f E &?, we write 
Lemma 2.2.2 is easy, so we present it here without proof: 
LEMMA 2.2.2. For all f EB, with f(x) > x on (0, l), and for all E > 0, 
there exists a set M(cr, /?, x1, x2) and a g E M(cx, /J x,, x2) with g(x) > x on 
(0, 1) such that d(g, f) = max 1 g’ -f '1 < E. 
LEMMA 2.2.3. For every set M(LY, p, x,, x2) and every ge M(cc, 8, x,, x2) 
with g(x) > x on (0, l), if x2 = g”“(x,) for some natural number n, then a 
necessary condition for g to be on a one-parameter subgroup in B is 
Proof: It is easy to see that a necessary condition for g to be on a one- 
parameter subgroup in g is that there exists a sequence g, = g, g,, g,, . . . in 
9J such that 
for all i= 1, 2, . . . . 
gi”gi=gi-, (9) 
Consider the first equation g, og, =g. If g, is a solution of the equation 
in $9, then we have g’,(g,(x)) g; (x) = g’(x) for all x E [O, 11. Thus we get 
(g’,(O))2=g’(O)=cr, g;(O)=a”*> 1 and 
(g\(1))2=g’(l)=& g’l(l)=/?“‘<1. 
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g;(O) = al’* > 1 gives that g;(x) > 1 holds in a neighborhood of 0 by the 
continuity of g’. So g,(x) > x holds in a neighborhood of 0 except at 0. 
If g,(x)>x did not hold for all (0, l), then there would exist X~E (0, 1) 
such that g,(x,) = x,,. Then g(xO) =g,(g,(x,)) =x,,. This is not true 
because we have assumed that g(x) > x holds for all x E (0, 1). So we have 
gl(x) >x for all XE (0, 1). This also gives that g,(x)< g,(g,(x)) =g(x) 
holds for all x E (0, 1). 
Thus we have x < gl(x) <g(x) on (0,l). 
It is easy to show that 
g,(x) = a”*x on the interval [0, al’*xl], 
1 -g,(x)=jP(l -x) on the interval [x2, 11. 
We define G = g”“. Then it is not difficult to see that G(x) E [x2, l] when 
XE [xl, sbl)l = Lx,, axI]. 
We consider the interval [x,, ctl’*xl]. From g; (g, (x)) g; (x) = g’(x) and 
s\(x)= 1 
a1/2 if x E [0, al’*xl] 
B 
112 if XE [x2, 11, 
we obtain 
G’(a”*x) fi”* 
=- 
G’(x) 
p 
for all x E [x,, a”*x,]. 
Consider the second equation g, og, =g,. If g, is a solution of the 
equation in ~28, then x2 =g~~2n-1)(a1’2x1). 
We define G, = g;(2”P ‘) and consider the interval [a”*x,, a114a’/2x,]. 
From &k2W) g;(x) =g;(x) and 
g;(x) = 
i 
a I!4 if XE [0, ~l”*+~‘~x~] 
/3 114 if XE [x2, 11, 
and proceeding as for the first equation, we get 
G;(a’j4x) f11j4 
=- 
G; (xl 
a1/4 
for all XE [al’*xI, a1/2+1/4x1]. 
But G(x)=g,(G,(x)), G’(x)=g;(G,(x))G;(x), and s’,(G,(x))=P”* 
when XE [al’*xl, axI], so we get 
G’(a1j4x) fi1i4 = -\ 
G’(x) a’/4 
for all x E [a’I*x,, cc’/* + ‘/4xl]. 
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Consider the equations g, 0 g3 = g,, g, ‘g, = g,. . . . and suppose that there 
are solutions g,, g4, Then in the same way as above we get 
for all x E [a l/2+1 4+ ... +li*P-’ -Xl, a ‘12+’ 4+ .. +’ *‘xl], and p= 1, 2, 3, . . . . 
G’(x) is continuous function, so it is easy to see that we have 
G'(a"x,) = f 
0 
" G'(x,) 
for all QE [0, 11. 
This gives 
Iln x In .x,)/In % 
G’(x,) 
for all XE [xi, ax,]. Hence 
G(x)=G(x,)+G'(x,)~ x % 
LO 
(In .r - In t-,)/In 1 
--Xl 1 
for all XE [xi, axi]. Let x=ax,; then 
=G(x,,+G'(x,)&[ax,($)-x,] 
=x2+G’(x,)&(~-1)x,. 
So we get x2 = 1 + G’(x,)(ln a/in b)x,, B = c(“‘~‘(~‘)‘(*~~ I). 
But G’(x,) = c( nlz: g’(g”‘(x,)), so we get p = axxl ~:ZI’ g’(g“(-xl))l(xZ- ‘1. 1 
LEMMA 2.2.4. Assume gEM(a, 8, x,, x,), g(x) >x on (0, 1) and 
x2 = g”“(xl) for some natural number n. Then for all E > 0, there exists f E W 
such that d(f, g) < E and f is not on any one-parameter subgroup in a’. 
Proof: If fi#a XXI I::,’ g’(g ‘h))/(~2- 1) then by Lemma 2.2.3, g is not on 
any one-parameter subgroup, so we need only take f= g and the lemma is 
proved. 
So we need only consider the case where fl= ~1”~~ n:zl g’(g”‘tX1f)‘(X2~ I). 
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The idea then is to change b a little bit to pi such that b # /I, and to 
change g a little bit to an f~ PJ such that d(f, g) = max If’ -g’l < E, 
fe WE, P,, xl, x2), f(x) >x on (0, 1) and x2 =f”Wl), but B1 Z 
~1’~~ n:=:f’cr0’cx1))lcx2- ‘). Then by Lemma 2.2.3, f will not be on any one- 
parameter subgroup. 
LetO<B-P1<&.Thenwechooseanfin~suchthatmaxlf’-g’l<&, 
f’=g’ on [0, g “‘“-“(xl)], f’= fi, on [x2, 11, and f’ satisfies the following 
condition on [g”‘“-“(xl), x2]: 
There exists an x0 in (go’“-“(xi), x2) such that f’ >g’ on 
(g o(n-l)(X,),XcJ), f’<g’ on (x,, x,), f’ =g’ at x0, and 
This f has the desired properties since it is easy to check that f (x) > x on 
(0, 1) and 
f(x) = ax on CO, x11 
f(x)=P1x+ l-81 on [x2, 11. 
Besides, f”‘(x,)=g”‘(x,), for all i= 1, 2, . . . . IZ, and f’(f”‘(xl))=g’(g”‘(xl)) 
for all i = 1, 2, .., n - 1. 
This gives that f E M(a, /Ii, xl, x2) with 
Thus f is not on any one-parameter subgroup by Lemma 2.2.3. 
Lemma 2.2.4 is proved 1 
Proof of Theorem 2.2.1. By using Lemmas 2.2.2, 2.2.3, f’(f “‘(xl))/ 
(x2 - 1 ), and 2.2.4, we see that for all f E %? with f (x) > x on (0, 1) and for 
all E > 0, there exists g E 9?, such that d(f, g) < E, and g is not on any one- 
parameter subgroup. 
IffE99withf(x)<xon (O,l), thenf-‘Egwwithf-‘(x)>xon (0,l). 
Since f +f -’ is a continuous mapping from ~8 to itself and since g is on 
a one-parameter subgroup if and only if gg’ is on a one-parameter sub- 
group, we immediately get that there exists gE9?, such that g is not on a 
one-parameter subgroup and d( f, g) < E. 
If f=i, then there exists fi ~8, f,(x) >x on (0, l), such that 
d( f, fi ) < E /2. For this fi , there exists g, d( fi , g) < s/2, and g is not on 
any one-parameter subgroup. Then d(f, g) < E and g is not on any one- 
parameter subgroup. 
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Let f E 98 be given, and assume that f # i. There exists at least one inter- 
val [a, b] in [0, 11, such that f(a) = a, ,f(h) = h, and either f(x) > x on 
(a, 6) or f (x) <x on (a, h). 
Consider the case f(x) > x on (a, h), for example. The case f’(x) <x on 
(a, b) is treated similarly. 
Then we can approximate f by a ge 9, which is linear in some 
neighborhoods of a and b and satisfies g(u) = a, g(h) = b, g(x) > x in (a, h). 
If g is on a one-parameter subgroup t -f, in 59, then for every t, we have 
f,(a) =a, f,(b) =b and f, maps the interval (a, b) onto itself. (These 
statements follow easily from the fact that each fE g is monotone 
increasing.) 
Therefore the previous analysis for the full interval (0, 1) carries over to 
(a, 6). The conclusion is that either g itself or a slight perturbation of it, as 
in Lemma 2.2.4, is not on any one-parameter subgroup. This finishes the 
proof of Theorem 2.2.1. [ 
2.3. Finally, we answer problem C’ in 9S0: Is a one-parameter subgroup 
in B0 necessarily differentiable? We have a negative answer to this 
question. 
THEOREM 2.3.1. There is a non-dlyferentiable one-parameter subgroup 
in .!?Z$). 
Proof: Let CI> 1, x,E(O, l), x~=G~x,E(O, l), and /?=ex21”z/(x2-‘). 
Let X(t) = f, - i, where 
1 
Ci’X if XE [0, ~ll~‘xi] 
f!(x)= 
In c( fi (Inr-In2’-‘r;*)/lnr 
xz+a’- x - 
[ 0 lnj c1 
-&IX1 1 if XE [u’~‘x,, x2] 
B’x + 1 - /I’ if xc [x,, i] 
(10) 
when ta0, and f,=f I:, when t<O. 
We prove that X is a one-parameter subgroup in a,,. 
In fact, for every t 2 0, it is easy to check that 
1 
ci’ if XE [0, c(‘-‘x,] 
c1’ i 
0 
(In .x ~ In d ‘x, )/In 1 
fi’(x)= if xE[c( l-‘x1, %I (11) 
P’ if XE [x,, l] 
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is a continuous function on [O, 11. Besides, f, (0) = 0, f, (1) = 1, and 
f,‘(x) > 0. So f, E 93, for all t b 0. 
For t<O,f,=f::, so we also havef,E$ sincef-,Eg. 
Now we need to show that f,+S(x) =fi(f,(x)) holds for all 
t,s~(-co,m)andallx~[O,l]. 
In fact, if t > 0, s > 0, then 
if x E [0, alp’+sxl] 
’ I if xE[a ‘-r-sx’, x*] B r+sx+ 1 -/y’” if xE [x,, 11, 
IX’X if xE [0, albrxl] 
fi(x)= I In a x2+af-- x - [(> p (Inr-In*‘~‘r,):ln._al~, InB a XI 1 if xE [alsrxl, x2] P’x+l-8’ if XE [x2, 13, 
and 
i 
asx if x E [0, a’-‘xl] 
f3(x)= 
In a /J (Inx-Ina’-*x,)/ha 
x2+as-- x - 
LO lnfi M. 
- a1 -sx, 
1 
if xE[a l--sxl, -%I 
px + 1 - p” if XE [x2, 11. 
If t>s, then O<al-r~sxl<~l~‘xl~al-~x~<x~<l. For XE [O,alptpsx,], 
f,(x) = a’x e [0, a’-‘xl], agd 
ft(fs(x))=a’aSx=af+Sx=fi+s(x). 
For XE [a’--t+sxl, a’- ‘x1], fS(x) = aSxE [a’-‘~,, x,], and 
For XE [al--sxl, x,], f,(x)=x2+a”(lnas/ln ~)[x(~/a)“““-‘““‘~‘“““““- 
’ PSxl] E [x,, 11, and by using our hypothesis, /I = ex2’n”(-Y*P I), or equiva- 
ktl y, In a/in jI = (x2 - 1 )/x2, we have 
409/167/Z-14 
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r+Slna e 
0 
(‘“X~I” km~r,)/lna 
=a 
Kjx a 
+1 
lna /I 
0 
(1” x-l”~‘-‘~“r,)/l”~ 
=X2+a’+“-x - 
lnb a 
-(q-l) 
lna B 
0 
(I” r -- I” ?’ -‘m’.r,)/l” or 
=X2+af+S-x - In a 
In/3 a 
-C(I+S-aI~~~SX] 
In P 
In a p (I” .X-l” &’ ‘x,)/In a 
=,y2+a’+s- x - 
i 0 
--a 
I --I-s 
1nP a Xl 1 
=&f*+,(x). 
For XE [x,, l],f,(x)=/?‘x+ 1 -/?‘E [x,, 11, and 
f,(f,(x)) = S’[fi”x + 1 - j?“] + 1 - p’ 
= p+sx+ 1 ++.r 
=ft + 9(x). 
If t>O, s>O, t<s, then O<~‘~r~sx’<~‘~sx,<a’~‘xl~x2<1. Then 
for XE [O, a’-r-‘x’],f7(x)=aSxe [0, alp’xl], and 
f,(f,(x)) = a’a’x = a’+‘x =f,+,(x). 
For XE [a’-‘-‘x1, a’-Sx’],fs(x)=aSxE [a’pzx,, x2], and 
In ct (I” 1% - I” I’ 11, )/I” 1 
f,(fs(x)) = x2 + a’ - B 
ln B [ 0 
a’x ; - a’-‘x’ 1 
lna /? 
[ 0 
(I” x I” I’ Im 1.q )/I” 1 
=X2+a’+s- x - l-t--s 
In/3 a 
-a x1 1 
=ft+,b). 
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For XE [c~-~xi, x2], ~,(~)=x~+cl~(lna/ln~)[x(~/a)(‘“~~’”~’-~~~)~’~~- 
al--sxl] E [x,, 11, and 
,,,,x))=B’x2+Biai~[x(9) 
(In x-h ?I -Sx,)/ln cl 
-al--sxl 1 + 1 -/I’ 
lna B (Inx-Ina’-‘-‘x,)/lnx 
=x2+af+‘- x ; 
In P [ 0 
-al-r-sX 
1 1 
=ft+s(x). 
Here we have also used our hypothesis /I = eX2 ‘* “CW ‘). 
For XE [x2, 11, fs(x)=j3”x+ 1 -/?“E [x,, 11, f,(f,(x))=B”“x+ l- 
B’+“=ft+s(x). 
Thus we have shown that f,(f,(x))=f,+,(x) holds for all XE [0, l] 
when t>O,s>O. 
Since f. = i, it is easy to see that f,(f,(x)) =ft+s(x) holds actually for all 
t>O, s>O and all XE [0, 11. 
If t ~0, S-CO, then 
f,+Jx)=f %,(4=f 2,(x)= Cf-SKrw-’ 
=f 3f rj(d)=fr(fs(-m 
Thus f,+,(x)=f,(f,(x)) holds for all t-co, s<O and XE [0, 11. 
Now we need only consider the case where either t < 0, s> 0 or t 20, 
s < 0. 
If t<O, $20, t+s>O, then f-zt(f,+s(x))=fsp,(x), and hence 
ft+s(x) =f 2,(f,L(x)) =f 2,fpt(fs(x)) =f 3fJx)) =ft(fs(x)). 
If t-co, ~20, t+s<O, then fs(f-l..s(x))=f-t(x), fptps(x)= 
fsp’(fp,(x)), and hence 
ft+s(x)=f ~:L(x)=f3f,(x))=ft(fs(x)). 
If t>O, s<O, t+s>O, thenft+,(x)=ft+s(f~J(fs(x)))=,fr+s-s(.L(x))= 
ft(fs(x)). 
If t>O, S-CO, t+s<O, thenf-,-,(f,(x))=f-,(x), 
f,(x) =f~:-,(f-s(x)) =ft+sL(x))> 
andf,(f,(x)) =f,+,(f-AfAx))) =f,+,(f-,(f 2(x))) =f,+Ax). 
Thus we have shown that ft+,(x) =ft(fs(x)) holds for all t, SE (-co, co) 
and all XE [0, 11. Thus X(t+s)=X(t)oX(s) holds for all t,s. So X is a 
one-parameter subgroup in go. 
This one-parameter subgroup X is not differentiable at zero in BO. 
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In fact, when f > 0, we have 
if XE [x,, l] 
and 
lim f;(x) - 1 = In c~ 
i 
if x E [0, x2) 
r-o+ t In B if x E [x,, I]. 
By our hypothesis In B/in a = x2/(x2 - 1 ), we have In c( # In fi; this means 
that lim, _ o+ (E(x) - 1 )/t is not a continuous function on [0, 11. 
But if X is differentiable at zero in go, then there exists zego, such that 
limf,-i -=z 
r-0 t 
in ao. This implies that lim,,, (f,‘(x) - 1)/t =z’(x) uniformly on [0, 11. 
z’(x) is a continuous function on [0, l] since ZE go. This is a contra- 
diction. 
Thus we have shown that X is a one-parameter subgroup which is 
not differentiable at 0 in Bo. This immediately gives that X is nowhere 
differentiable. 1 
3. A CLASS OF L-GROUPS ON HILBERT SPACE 
In this section, we study problems A’-C’ for another L-group, the 
L-group X’“, which is Example 2 in Section 1. This is an example of 
L-groups on Hilbert space. This group is not as natural as that studied in 
Section 2, but it is much simpler, so it can serve as a test group for many 
problems of L-groups. 
3.1. One of the important results about X is that for problem A’ we 
get a complete positive answer in YP while we were able to obtain only a 
partial positive answer in group go. We have: 
THEOREM 3.1.1. For eoery direction z” = ((xp, yp)),“_ 1 E Af, there exists a 
unique one-parameter subgroup with direction z” at 0 in 2. 
We show a lemma first. 
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LEMMA 3.1.2. In the L-group 9&(p), for every z” = (x0, y’), there exists 
u unique one-parameter subgroup f with the direction z” at 0. 
Zf xO#O, then f: t+(tx,(Z-V,,)y), where x=x0 and y= 
(P/27=0)( 2 3 YO. 
Zf x0 = 0, then f: t --+ (0, ty”). 
ProoJ The first part follows just from the fact that B$(p) is a Lie 
group. To show the second part, we show first that f: t + (tx, (I- V,,) y) 
is a one-parameter subgroup in 9&(p), for all x E R, and YE R,. This is 
easy to check ‘so we do not give the details here. 
By noting that f(0) = 0 and (f(t) -f(O))/t = (x, ((I- V,,)/t) y), it is easy 
to check that 
in W,(p). Thus we see that for every direction (x0, y”) E B3(p), if x0 # 0, we 
need only take x = x0, y = (p/27cx”)( -y A) y”; then the one-parameter 
subgroup f: t -+ (tx, (I- V,,) y) has (x0, y”) as its direction at 0 in 93Y3(p), 
while if x0 = 0, it is easy to check that f: t + (0, ty”) is a one-parameter 
subgroup which has (x0, y”) as its direction at 0 in S&(p). 1 
Proof of Theorem 3.1.1. For every element z”= ((xp, yp))p”,r E#, if 
there exists one-parameter subgroup F= (fi)p”= r in S which has z” as its 
direction at 0, that is, 
lim C ~(r)-~O_(X? y?) 2 1’2=o 
2 
t-0 ( I t 
1) I 
II > 
then for all i, fi is a one-parameter subgroup in 9&(pi) and has (xp, yp) as 
its direction at 0. By Lemma 3.1.2, we havefj(t) = (tx,, (I- Vf,,) y,), where 
x, = xp, yi = (p,/271xp)( -y A) yp for all i such that x7 # 0 and h(t) = (0, typ) 
for all i such that xp = 0. 
Now we show that F= (A.),“= 1, with the fi as described, is really a one- 
parameter subgroup in 2 and has z” as its direction at 0. 
Once we have shown that F(t) E 2 for all t E R, we see that 
F(t + S) = F(t). F(s) holds for all t, s E R since h(t + S) =fi(t) .A.(s) holds 
for all i= 1, 2, . . . and all t, SE R by Lemma 3.1.2. 
So we need only show that F(t) E 2 for all t E R, and 
lim F(t) - F(O) 
II 
-z” = 0. 
r-0 t Jy 
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Now for all i, if x0 # 0, then we have 
Il.fifi(~)l12= ll(tx,, (I- v:~,)Y,)I/* 
= f2Xf + II (I- v;x,, .Y,)ll 2R2 
= t’xf + 
II 
2 sin xtx, p,- ’ 
( 
sin Ttx, p;- ’ - cos ntx, p,: ’ 
cos axi p,- ’ sin 7ttx,p,:’ > II 
2 
Y, 
= t2xf +4 11 yil12 sin2 ntxjplmm’ 
< 2x2 + 4 P2 + IIy;~127z*t2(X;)2pl-2 
4x2(x, 1 
= t*(Xy + t* 1) ypll 2 
= t2 llzpII*, 
and if x:=0, then IIf.(t)li*=t* IIypI12= t* llzpll*. So we have C Il~(t)l12< 
t2 IIz”I12. We get FEY? for all teR since z’EX. 
Now we show that F’(0) = z” in A?‘“. 
In fact, for all i, if xy # 0, we have 
./i(t) -fi(O) 
t -c-e yp,= xp, ( 
(I- Cp) t Yi 
> 
- (XP, YP, 
( 
o (I- Vf,p) 
= 3 t Y,-YP 3 > 
II 
h(l) gfi(O) _ txp, yp) 11 
II 
(I- Vf,p) ’ = t Y;-Y9 I R2 
II 
2 sin ntxpp,:’ 
= 
t ( 
sin xtx,p,:l -cos 7ctx,p,:’ 
cos 7c1XiPi l sin rctxip;’ > II 
Y,-YP 
=pi II ntx; sin ntxy pi -, ( cos axip, sin lttxi p; ’ -sin ntx,pz:’ cos 7Ltx,p;’ > II YP-YP 
< 
Pi (I- 7ctxy 
<- 
(I 
Pi 
rctxy 
=2 IIYPII 
G 2 II~PII, 
lsin ntx~p,:‘( + 1 
> 
/I ypll 
WPPi’l + 1 llypll 
> 
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and if xy = 0, we have 
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II 
fitt) -fit01 t -(xP, yp, =062 IIZPII. II 
So we get 
II fifi(t) Jh(0) - (x9, yp, 11 < 2 llzpll 
for all i = 1, 2, . . . . 
This gives for every integer N 
& F(t)-F(O) 
II 
2 
-ZO 
1+0 t II &‘ 
N fitt) -f,(O) <i&-i c 
1-O ( /I t 
-cxp, yp, 2+4 f llzpll* 
i=l II i=N+l > 
= 4 f 11zyl12. 
i=Jv+1 
Since N is arbitrary this gives 
lim F(t) -F(O) 
II 
- z” 
II 
=o 
1+0 t x
and so Theorem 3.1.1 is proved. 1 
3.2. For problems B’ we have, as for the same problem in group ~49~ in
Section 2, a totally negative answer. Besides, we also see that in X’“, an 
element near e can be on several one-parameter subgroups. We get simpler 
proofs for 2 than for a0 in Section 2. 
THEOREM 3.2.1. The set of elements in 2, which are not on any one- 
parameter subgroup in 2, is a dense subset of 2”. 
We show some lemmas first. 
LEMMA 3.2.2. For every element z = ((xi, y,))” E 2, if‘ there exists i 
such that xi = pi and yi # 0, then z cannot be on any one-parameter subgroup 
in 2. 
ProojI It is easy to see that a necessary condition for z to be on 
a one-parameter subgroup in Z is that there exists an element 
z, = ((x!, y!)),“_ I E Z’, such that 
z=z,.z,=((x;, yf).(x!,y,‘))i”=,. 
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This gives 
for all i = 1, 2, . . . , or equivalently 
(2x1, y; + If:! y;) = (Xi, y,) 
for all i= 1, 2, . . . If there exists i such that x, =pi, then for this i, we have 
2xi/pi= 1, V:; = -1, and this gives that yf + V’:; y,’ = y,’ -y,! =O, so if 
yj # 0, z can not be on any one-parameter subgroup in 2”. Lemma 3.3.2 is 
prove. 1 
LEMMA 3.2.3. For all z = ((xi, y,)),“_ , E J? and for all E > 0, there exists 
an element z” = ((xp, yp)),“_ , E 2, with the condition that there exists i such 
that xp =pi, yp # 0, and jjz - z*j/ <E. 
ProoJ Since z = ((x,, y,)),“, , ~2, we have x, + 0 when i+ co. In the 
definition of Z, we have also assumed that pi + 0 when i + co. So we can 
choose z” = ((x:, yp))p”= i in the following way: Choose a sufficiently large 
j such that [xl--pj12 < s2/2, and let z” = ((x7, yp))p”, i be the element such 
that xp=xi, yp= yi when i#j, and xp=pi, y,“= y,‘, where y,‘#O and 
1 yj - y,‘l’ < s2/2. Then it is easy to see that z” E A? and 
Lemma 3.2.3 is proved. 1 
Proof of Theorem 3.2.1. Using Lemma 3.2.2 and Lemma 3.2.3, it is easy 
to see that for every element z E 2 and for every E >O, there exists an 
element z” E A? such that JIz - ~‘11 < E and z” is not on any one-parameter 
subgroup in X, Theorem 3.2.1 is proved. 1 
THEOREM 3.2.4. In every neighborhood of the unity e in c%, there exists 
an element z which is on many different one-parameter subgroups in X. 
Proof. Consider the elements of the form 
z = (Co, O), ..7 Co, O), (Pi, Oh Co, Oh ...I. 
Every neighborhood of e in A? contains an element z of this form. 
For every y E R,, consider the mapping 
t + F,(t) = ((0, 01, ‘.‘, (0, O), (tp,, (I- Jqp, Y), (0, 01, . ..I 
in Z, for t E R. 
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It is easy to check that for every y E R,, F, is a one-parameter subgroup 
in % and for different y’s, FY’s are different one-parameter subgroups. But 
z is on every F, since FJ 1) = z for every y. 1 
Remark. We do not know whether the analogue of Theorem 3.2.4 holds 
for group 9?0 of Section 2. 
3.3. We address problem C’ for the L-group 2”. As for group 98,, in 
Section 2, the answer to this question is negative. 
THEOREM 3.3.1. There is a non-differentiable one-parameter subgroup in 
L-group .Z. 
Proof. Since pi + 0 as i + co, there exists a subsequence {pi,} such that 
Ck Pjk < O”. 
Consider z= (zi)$ = ((xi, y,))i”D_i, where Xi=p!‘2, yi= (pj’“, p,“‘) 
when i= j, for some k and xi = 0, yi = (0,O) otherwise. Then it is easy to 
check that z E X. 
Consider the mapping F: R + Y? with 
F(t) = ((txi, (I- v;,,) Vi)),“= 1’ 
Since 
= x( t2Xf + IICz- vf,,) Yil12) 
= C (t2xf + 4 sin2 ntx,py’ II yJ\‘) 
G tt2 + 4, C llzil12~ 
we see that F(t)EP for all tE R since z= (zi)ysl E&‘. 
We have that F(t + s) = F(t) . F(s) holds for all t, s E R. So F is a one- 
parameter subgroup in 2. 
If F is differentiable in .X, then there exists z” = ((xp, yp)),“, , E 2, such 
that 
lim F(t) - F(o) = zo 
t-0 t 
504 YUAN TIAN 
in 9”. This means that 
lim Ctxi2 (I- v:x,) Vi) 
= (xp, yy, 
r-0 t 
holds in R, for all i. 
From Lemma 3.1.2, we know that xy = xi, yp = 27cx,pi’((: -A) yi, so 
/I (xp, YP)II :, = x: + 471*x; Pi2 II Yill zR2 
= Pi+4n 
i 
if i = j, for some k 
0 otherwise 
for all i. Thus C (I (xp, vp)II i, = 2 (pjk + 4n2) = co, z” is not in X’. This is 
a contradiction. So F is not differentiable in X. [ 
From Section 2 and Section 3, we see that these L-groups have both 
similarities to and striking differences from a Lie group or analytical group 
with regard to the structure of one-parameter subgroups. So we feel that a 
study of these groups is of interest as a preparation for a general theory of 
L-groups. 
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